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The elastic, two-component algorithm is the most common inversion method for retrieving the aerosol
backscatter coefficient from ground- or space-based backscatter lidar systems. A quasi-analytical formu-
lation of the statistical error associated to the aerosol backscatter coefficient caused by the use of real,
noise-corrupted lidar signals in the two-component algorithm is presented. The error expression depends
on the signal-to-noise ratio along the inversion path and takes into account “instantaneous” effects, the
effect of the signal-to-noise ratio at the range where the aerosol backscatter coefficient is being computed,
as well as “memory” effects, namely, both the effect of the signal-to-noise ratio in the cell where the in-
version is started and the cumulative effect of the noise between that cell and the actual cell where the
aerosol backscatter coefficient is evaluated. An example is shown to illustrate how the “instantaneous”
effect is reduced when averaging the noise-contaminated signal over a number of cells around the range
where the inversion is started. © 2009 Optical Society of America

OCIS codes: 010.1100, 010.1110, 010.3640, 280.1100, 280.1350, 280.3640.

1. Introduction

While it is recognized that atmospheric aerosols have
an important effect on the Earth’s radiation budget,
their quantitative contribution to the surface radia-
tive forcing still has one of the largest uncertainty
values among those of the different forcing factors
[1]. In recent years a big effort has been devoted to
reduce this uncertainty through systematic mea-
surements by, generally speaking, in situ and remote
sensing techniques. In this respect, lidars offer the
unique capability of providing height-resolved aero-

sol measurements, which is a necessary feature to
improve the assessment of the aerosol effect in
the radiation balance. Aerosol lidar networks
operating in a coordinated manner, and frequently
associated to other in situ or remote sensing instru-
mentation, are implemented or underway to provide
continental-scale four-dimensional (space–time) in-
formation on aerosol distributions (e.g., see
Refs. [2,3]). It is expected that the spatial coverage
is extended through existing actions to integrate
the regional aerosol lidar networks into a global sys-
tem [4]. At the same time, space-based lidars, like the
Cloud-Aerosol Lidar and Infrared Pathfinder Satel-
lite Observations (CALIPSO) [5,6] mission, are al-
ready providing global, albeit nonsimultaneous,
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information on aerosol and cloud distributions, and
this capability will be increased with future systems
(e.g., Refs. [7,8]).
In this global lidar aerosol sensing scenario of co-

operation between space-based instruments and
ground-based coordinated networks, data quality is
a requirement for lidar measurements to have a
significant effect in atmospheric models and in the
retrieval of aerosol microphysical properties. There-
fore, there is no doubt that ground-based, elastic,
backscatter lidar systems, still the most common li-
dar systems used at the present time, and space-
based, elastic, backscatter systems have to be fully
characterized in terms of error budget. The tradi-
tional way to retrieve the aerosol backscatter coeffi-
cient from signals from such systems goes through
the use of the so-called two-component algorithm
[9–11]. Prior to the results from Refs. [9–11], several
authors had significantly contributed to the estab-
lishment of the first solution of the elastic lidar equa-
tion known as the single-component algorithm [12–
14], which was deduced from the first measurements
of rain intensity, equivalent to aerosol concentration
in lidar terms, by radar in 1954 [15]. The stable ana-
lytical solution (still in the single-component version)
of the lidar equation was formulated for the first time
in Ref. [16]. Since then, many studies have investi-
gated the effect of both assumptions necessary to
solve the two-component algorithm: the boundary
value [17–21] and the extinction/backscatter ratio
profile [20,22,23].

When dealing with real, noise-corrupted lidar sig-
nals, it is important to be able to quantify the error
caused, not only by the two previous assumptions,
but also by the effect of noise on the used algorithm.
Comerón et al. [24] formulated the statistical error
caused by noise contaminating real-life signals on
the total backscatter coefficient retrieval by the
single-component algorithm. However, the single-
component algorithm is not widely used in practice
since it does not distinguish between molecules
and aerosols. The purpose of this paper is to general-
ize the results from Ref. [24] and to propose a quasi-
analytical formulation of the statistical error limits
of the aerosol backscatter coefficient retrieval for
the two-component algorithm due to noise-corrupted
signals.

Section 2 examines the differences between the
single- and two-component algorithms. Section 3
gives the quasi-analytical formulation of the statisti-
cal error provoked by noise-corrupted signals on
the backscatter coefficient retrieval with the two-
component algorithm. Section 4 illustrates with real
data the result found in Section 3. Conclusions are
presented in the last section.

2. Single-Component and Two-Component Algorithms

In the late sixties the single-component algorithm
[12–14] was formulated in terms of backscatter coef-
ficient β as a function of the range R and the received
power as

βðRÞ ¼ βmR2PðRÞ
R2

mPðRmÞ þ 2βm
RRm
R SðzÞz2PðzÞdz

; ð1Þ

where PðRÞ is the power received from range R, Rm is
the range from which the inversion is started, βm ¼
βðRmÞ is the boundary condition, and SðRÞ ¼ αðRÞ=
βðRÞ, the so-called total lidar ratio, is the ratio be-
tween the atmosphere total extinction coefficient
αðRÞ and the total backscatter coefficient βðRÞ. Fol-
lowing the results from Ref. [16], Eq. (1) is a reformu-
lation of Eq. (9) from Ref. [14] after switching the
integration bounds R and Rm of the integral in the
numerator, and changing the sign in front of it.

In the two-component algorithm [9–11] the effects
of the molecules and of the aerosols are considered
separately:

βðRÞ ¼ βaðRÞ þ βRðRÞ ¼
βmR2PðRÞ exp

�
2
RRm
R ½SaðzÞ � 8π=3�βRðzÞdz

�

R2
mPðRmÞ þ 2βm

RRm
R SaðzÞz2PðzÞ exp

�
2
R
Rm
z ½SaðxÞ � 8π=3�βRðxÞdx

�
dz

; ð2Þ

where βaðRÞ represents the aerosol backscatter coef-
ficient, βRðRÞ the Rayleigh (molecular) backscatter
coefficient (which can be assumed to be known),
andSaðRÞ ¼ αaðRÞ=βaðRÞ the aerosol lidar ratio given
by the ratio between the aerosol extinction coefficient
αaðRÞ and the aerosol backscatter coefficient βaðRÞ.
This is indeed the solution that is usually employed
by the lidar community to retrieve the aerosol back-
scatter coefficient when dealing with ground-based
backscatter elastic lidars pointing in a single direc-
tion and no Raman measurements are available.
Even though the single-component solution as for-
mulated in Eq. (1) can lead mathematically to the
same results, in practice it requires the knowledge
of the total lidar ratio, SðRÞ, which is harder to guess
than that of aerosols and less useful in practice.
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3. Retrieval in the Presence of Noise

A. General Expression

In Ref. [24] the retrieval in the presence of noise was
considered for the single-component algorithm. In
what follows the results are generalized for the
two-component algorithm case. In a general real si-
tuation the photoreceiver output is corrupted by
noise and will be proportional to

P̂ðRÞ ¼ PðRÞ þ nðRÞ; ð3Þ

where nðRÞ represents the instantaneous “power
noise” affecting the measurement at range R. As
in Ref. [24] it is assumed that in general nðRÞ can
be made a zero-mean process that can therefore take
positive and negative values, by subtracting the bias
terms from the signal at the output of the photorecei-
ver. The magnitude retrieved with the algorithm gi-
ven by Eq. (2) is then β̂ðRÞ. By substituting Eq. (3)
into the expression of β̂ðRÞ, one obtains after going
through some algebra

1

β̂ðRÞ ¼
�

1
βðRÞ þ

1
βm

R2
m nðRmÞ
R2PðRÞ exp

�
�2

Z
Rm

R
½SaðzÞ � 8π=3�βaðzÞdz

�

þ
2
RRm
R SaðzÞz2nðzÞ exp

�
2
R
Rm
z ½SaðxÞ � 8π=3�βRðxÞdx

�
dz

R2PðRÞ exp
�
2
RRm
R ½SaðzÞ � 8π=3�βRðzÞdzg

�
PðRÞ

PðRÞ þ nðRÞ : ð4Þ

At this point we compare Eq. (4) with the
equivalent one in the error analysis for the single-
component algorithm, Eq. (4) in Ref. [24], renamed
β̂scðRÞ in order to avoid confusion and which is re-
peated here for the reader’s convenience with the
variable change CðzÞ ¼ 1=SðzÞ:

1

β̂scðRÞ
¼

�
1

βðRÞ þ
1
βm

R2
mnðRmÞ
R2PðRÞ

þ 2

R2PðRÞ
Z

Rm

R
SðzÞz2nðzÞdz

�
PðRÞ

PðRÞ þ nðRÞ :

ð5Þ

We note that both expressions are formally identi-
cal if we take into account the correspondences sta-
ted in Table 1 between Eqs. (5) (single-component)
and (4) (two-component).
With these correspondences and drawing on the

results of Ref. [24], we can write in the case of the
two-component inversion

β̂ðRÞ ¼ β̂aðRÞ þ βRðRÞ

¼
�
1þ nðRÞ

PðRÞ
� βðRÞ
1þ ζmðRÞ þ ζiðRÞ

; ð6Þ

where

ζmðRÞ ¼
βðRÞ
βm

R2
m nðRmÞ
R2PðRÞ exp

�
2
Z

Rm

R
½SaðzÞ

� 8π=3�βRðzÞdz
�
; ð7Þ

ζiðRÞ¼ 2βðRÞexp
�
�2

Z
Rm

R
½SaðzÞ�8π=3�βRðzÞdz

�

RRm
R z2SaðzÞnðzÞexp

�
2
R
Rm
z ½SaðxÞ�8π=3�βRðxÞdx

�
dz

R2PðRÞ :

ð8Þ

B. Standard Deviation of the Noise Terms

If nðRÞ is a zero-mean process, nðRÞ=PðRÞ, then ζmðRÞ
and ζiðRÞ are zero-mean random variables for a given
R as, for all their apparent complexity, their defining
expressions, Eqs. (7) and (8), are but linear opera-
tions on nðRÞ. The standard deviation of nðRÞ=PðRÞ
is obviously σnðRÞ=PðRÞ, with σnðRÞ being the stan-
dard deviation of nðRÞ, and clearly represents the
noise-to-signal ratio at range R.

The term ζmðRÞ represents the effect of the noise in
the boundary cell where the inversion is started.
Calling σnm ¼ σnðRmÞ and using a procedure parallel
to that employed in Ref. [24], the standard deviation
of ζmðRÞ can be cast as

σζmðRÞ ¼
σnm

PðRmÞ
exp

�
−2

Z
Rm

R
SaðzÞβðzÞdz

�
; ð9Þ

which shows the stabilizing effect of the backward
algorithm also in the effect of noise in that the expo-
nential function will be progressively lesser than 1
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for decreasing values ofR < Rm. This effect, however,
will be small for optically thin atmospheres.
The term ζiðRÞ corresponds to the effect of noise

integrated along the retrieval path. Under the rea-
sonable assumption that noises in different resolu-
tion cells are uncorrelated, which will occur if Δτ ≥
1
2B, with Δτ the sampling period of the acquisition
system and B the photoreceiver bandwidth, we can
approximate [24]

hnðz1Þnðz2Þi ¼ σ2nðz1ÞΔRδðz1 � z2Þ; ð10Þ

and reasoning along the same lines as in Ref. [24] the
standard deviation of ζiðRÞ can be shown to be

σζiðRÞ ¼
2βðRÞ
R2PðRÞ exp

�
�2

Z
Rm

R
½SaðzÞ � 8π=3�βRðzÞdz

�

×
�
ΔR

Z
Rm

R
S2
aðzÞσ2nðzÞz4 exp

�
4
Z

Rm

z
½SaðxÞ

� 8π=3�βRðxÞdx
�
dz

�
1=2

: ð11Þ

This equation can alternatively be written

σζiðRÞ ¼
2βm

R2
mPðRmÞ

exp
�
�2

Z
Rm

R
SaðzÞβðzÞdz

�

×
�
ΔR

Z
Rm

R
S2
aðzÞσ2nðzÞz4 exp

�
4
Z

Rm

z
½SaðxÞ

� 8π=3�βRðxÞdx
�
dz

�
1=2

: ð12Þ

C. Error Bounds

Calling, for the sake of notation simplicity, ηðRÞ ¼
nðRÞ=PðRÞ and ζðRÞ ¼ ζmðRÞ þ ζiðRÞ, the estimated
aerosol backscatter coefficient is, from Eq. (6),

β̂aðRÞ ¼ βðRÞ 1þ ηðRÞ
1þ ζðRÞ � βRðRÞ: ð13Þ

We call

1þ ηðRÞ
1þ ζðRÞ ¼ 1þ lðRÞ: ð14Þ

Note that themean of lðRÞ is not zero, whichmakes
β̂aðRÞ biased.
The interval ðβaðRÞ; βaðRÞ þ luβðRÞÞ in which β̂aðRÞ

is found with a certain probability pu is calculated by

finding the value lu that defines the interval ð0; luÞ in
which the random variable lðRÞ given by Eq. (14) is
found with probability pu. The probability pu is cal-
culated as the integral of the joint probability density
function of ηðRÞ and ζðRÞ over the shadowed area in
Fig. 1, limited by the lines

1þ ηðRÞ
1þ ζðRÞ ¼ 1;

1þ ηðRÞ
1þ ζðRÞ ¼ 1þ lu: ð15Þ

Under the approximation represented by Eq. (10),
ζmðRÞ and ζiðRÞ can be considered uncorrelated, be-
cause the weight of any random variable nðzÞdz in
the integral in Eq. (8) is infinitesimally small. From
a physical point of view this approximation means
that we consider negligible the effect of the noise
in a resolution cell as compared to the linear combi-
nation of noises in many other resolution cells. We
will assume in addition henceforth that nðRÞ is a
Gaussian stochastic process to a good degree of ap-
proximation. Actually the noise sources of a photore-
ceiver can be broadly classified into shot noise and
thermal noise. Thermal noise can be represented
by a Gaussian process, and, if the rate rs (photons=s
or charge carriers=s) of a shot-noise source is high en-
ough compared to the system bandwidth B, shot
noise can also be approximated by a Gaussian pro-
cess [25]. We will assume that the shot-noise sources,
including the flow of incoming photons, satisfy this
condition. Hence the random variables ζmðRÞ and
ζiðRÞ follow a joint Gaussian law because they are ob-
tained as the result of applying linear operators to
the basic Gaussian process nðRÞ [26], and their
sum ζðRÞ is also a Gaussian random variable. Its

standard deviation is σζ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2ζiðRÞ þ σ2ζmðRÞ

q
, and

its mean is zero because ζmðRÞ and ζiðRÞ are uncor-
related zero mean.

For similar reasons, ηðRÞ and ζðRÞ can be treated
as uncorrelated, zero-mean random (except in the
particular but virtually irrelevant case that R ¼ Rm)
and jointly Gaussian variables. Since they are uncor-
related, their joint probability density function is
given by

Table 1. Correspondence of Terms in the Solution of β̂ðRÞ between the
Single-Component and the Two-Component Algorithms

Single-Component Eq. (5) Two-Component Eq. (4)

nðRÞ ↔nðRÞ expf2 RRm
R ½SaðRÞ − 8π=3�βRðzÞdzg

PðRÞ ↔PðRÞ expf2 RRm
R ½SaðRÞ − 8π=3�βRðzÞdzg

SðRÞ ↔SaðRÞ

Fig. 1. Integration domain for calculating pu.
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f ηζðη; ζÞ ¼
1

2 πσησζ
exp

�
−

η2
2 σ2η

�
exp

�
� ζ2
2σ2ζ

�
: ð16Þ

According to the standard deviation values dis-
cussed in Subsection 3.B, ση ¼ σnðRÞ=PðRÞ (the expli-
cit dependence on R of ση is dropped in the notation
for simplicity). The probability pu is then given by

pu ¼ 1
2 πσησζ

Z
∞

�1
exp

�
� ζ2
2 σ2ζ

�Z ζð1þluÞþlu

ζ

× exp
�
� η2
2 σ2η

�
dηdζ; ð17Þ

which can also be written as

pu ¼ 1

2
ffiffiffiffiffiffiffi
2 π

p
σζ

Z
∞

�1
exp

�
� ζ2
2 σ2ζ

��
erf

�ζð1þ luÞ þ luffiffiffi
2

p
ση

�

� erf
� ζffiffiffi

2
p

ση

��
dζ: ð18Þ

Given a value, Eq. (18) can be solved for the corre-
sponding lu value.
Likewise it can be shown that the interval ðβaðRÞ �

llβðRÞ; βaðRÞÞ in which β̂a lies with probability pl is
found by solving for ll the equation

pl ¼
1

2
ffiffiffiffiffiffiffi
2 π

p
σζ

Z
∞

�1
exp

�
� ζ2
2 σ2ζ

��
erf

� ζffiffiffi
2

p
ση

�

� erf
�ζð1� llÞ � llffiffiffi

2
p

ση

��
dζ: ð19Þ

It can be shown that if σζ ≪ 1 and lu ≪ 1, ll ≪ 1,

then pu ≈
1
2 erf ½lu=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðσ2η þ σ2ζ Þ

q
� and pl ≈

1
2 erf ½ll=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðσ2η þ σ2ζ Þ
q

�, in agreement with the classical
(perturbational) error propagation method, in which
assuming a small value of σζ we would have approxi-
mated ð1þ ηÞ=ð1þ ζÞ ≈ 1þ η� ζ.
4. Example

The error limits resulting from the calculation of the
standard deviations of ηðRÞ and ζðRÞ in the case of
the two-component algorithm are illustrated by
using the same input data as in Ref. [24]. The photo-
receiver electrical bandwidth was 10MHz, and the
output was digitized at B ¼ 20 megasamples=s
(hence Δτ ¼ 1

2B), yielding a range resolution ΔR ¼
7:5m. Other technical details about the instrument
used can be found in Ref. [24]. The lidar profile was
acquired at the wavelength of 1064nm. Figure 2
shows the noise-contaminated lidar range-corrected
signal between 600 and 6180m. Several aerosol
layers are clearly observed until 4900m approxi-
mately; we assume that the atmosphere is purely
molecular above that distance. As in the last figure
of Ref. [24], we explored two cases depending on the
number of resolution cells,N, used to average the va-
lues of P̂ðRÞ around Rm and to force P̂ðRmÞ to this

average value: N ¼ 1 (no average) and N ¼ 17 (aver-
age between Rm − 60 and Rm þ 60m). A constant
aerosol lidar ratio value of Sa ¼ 50 sr was used to
perform the inversion, and βm was taken according
to the molecular atmosphere model proposed in
Ref. [27] for the 1064nm wavelength under standard
conditions of pressure and temperature. Note how-
ever that we are not emphasizing the physical char-
acteristics of the atmosphere for this particular case
—whether the aerosol lidar ratio accurately corre-
sponds to the actual situation or if corrections to
βm should be made to take into account departures
of the actual atmospheric conditions from the stan-
dard ones—but rather the mathematical aspects of
the effect of noise on the inversion. In this respect,
note also that although a constant lidar ratio is used
in the example, the formulation allows for a function
with an arbitrary dependence on range that could be
employed if by some means information on the lidar
ratio is available.

The standard deviations of η, ζm, and ζi—ση, σζm ,
and σζi—are represented in Fig. 3. Note that the
number of cells N only affects σζm. As the range de-
creases, the signal-to-noise ratio increases, therefore
ση decreases, as shown in the figure. Instead, by aver-
aging over N ¼ 17 cells around Rm, σζm decreases by
a factor of 4 to 5 compared to the initial value when
no average is performed (N ¼ 1), to a value around
0.05. In that case, the approximation σζm ≪ 1 can
be made as Fig. 4 also shows. As expected, the term
σζi is very small compared to the other two standard
deviations.

Figure 4 shows the aerosol backscatter coefficient
and its error bounds in a 68% confidence interval
found by setting pu ¼ pl ¼ 34% (to maintain a com-
mon criterion with the probability of one standard
deviation of a Gaussian probability law below and
above the “true” value, usually employed to define
error bars in classical error-propagation approaches)
forN ¼ 1 (Fig. 4(a)) andN ¼ 17 (Fig. 4(b)). The “true”

Fig. 2. Lidar range-corrected signal between 600 and 6180m for
4000 pulses integrated at 1064nm.
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value has been taken as the central profile in the fa-
mily of 17 profiles obtained when the inversion start-
ing range is varied from 6000 to 6120mwithN ¼ 17.
In Fig. 4(a) the asymmetrical behavior of the error
bounds is clearly visible, because the value of σζ
forN ¼ 1 varies around 0.25, which cannot be consid-
ered small compared to 1. However, when N ¼ 17
(Fig. 4(b)) the upper and lower error bounds are al-
most perfectly symmetric, since σζ ≈ 0:05 ≪ 1, and
classical error propagation is justified. In the case
presented here, the error bars on the aerosol back-
scatter coefficient are lower than 15% below 5000
m and lower than 7% below 4000m, where the sig-
nal-to-noise ratio is around 11 and 42, respectively.
When averaging the values of P̂ðRÞ around Rm to re-
duce the effect of noise in the cell from which the in-
version is started, the effective value of σnm is divided
by

ffiffiffiffiffi
N

p
. However, when proceeding in this manner

one cannot indefinitely increase N to decrease σnm
as the maximum allowable number of averaged cells
is limited by the dependence on R of the received
power being well approximated by a linear law
through the range covered by the N cells [24]. In
practice the linear approximation will be safely satis-
fied if NΔR does not exceed a few hundreds of me-
ters. More sophisticated approaches, like adjusting
a theoretical molecular backscatter profile to the
measured one, can be used to filter out noise affecting
the starting cell [28].

5. Conclusions

Expressions have been derived for the calculation of
statistical error bounds for the aerosol backscatter
coefficient retrieved by the two-component lidar in-
version method. The expressions depend on the
signal-to-noise ratio along the inversion path and
take into account “instantaneous” effects (the effect
of the signal-to-noise ratio at the range where the
aerosol backscatter coefficient is being computed)
as well as “memory” effects, namely, both the effect

of the signal-to-noise ratio in the cell where the inver-
sion is started and the cumulative effect of the noise
between that cell and the actual cell where the aero-
sol backscatter coefficient is evaluated. The standard
deviations of the random variables representing
these effects allow assessment of their relative im-
portance. The utilization of these expressions has
been illustrated with an example on real lidar data.
Although the example presented has been done on
the two-component algorithm (backward) and on
data obtained from a ground-based, upward looking
lidar, the formulation developed in this paper is also
valid for the forward solution of the elastic lidar in-
version and for any line of sight. They are also valid
for signal-to-noise ratio situations in which a
perturbational classical error propagation approach
would not be valid (although they reduce to error pro-
pagation results for low enough standard deviations
of the noise terms). It has been shown how the effect
of the signal-to-noise ratio at the range where the in-
version is started can be reduced by averaging the

Fig. 4. Lower (dotted curve) and upper (dashed curve) estimated
68% confidence interval for the inverted backscatter coefficient:
(a) N ¼ 1 and (b) N ¼ 17 ½Rm − 60;Rm þ 60m�.

Fig. 3. Standard deviations, ση, σζm , and σζi , of η (solid curve), ζm
(dashed and dotted curves), and ζi (dash-dotted curve), respec-
tively. The axes legend of σζi (dash-dotted curve) is on the left side
of the figure. The axes legends of ση and σζm are on the right side of
the figure.
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noise-contaminated signal over a number of cells
around that range.
The method presented in this paper permits as-

sessment in a quantitative manner the statistical er-
ror produced on the retrieved aerosol backscatter
coefficient when inverting noise-corrupted lidar sig-
nals. With the quasi-analytical formulas supplied in
this paper, the calculation of the error produced on
the aerosol backscatter coefficient retrieval from
noise-corrupted lidar signals only requires a simple
program dedicated mainly to solve Eqs. (18) and (19).
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